Parton distributions in the virtual photon target are investigated in perturbative QCD up to the next-to-next-to-leading order (NNLO). In the case Λ 2 ≪ P 2 ≪ Q 2 , where −Q 2 (−P 2 ) is the mass squared of the probe (target) photon, parton distributions can be predicted completely up to the NNLO, but they are factorisation-scheme-dependent. We analyse parton distributions in two different factorisation schemes, namely MS and DIS γ schemes, and discuss their scheme dependence. We show that the factorisation-scheme dependence is characterised by the large-x behaviours of quark distributions. Gluon distribution is predicted to be very small in absolute value except in the small-x region.
I. INTRODUCTION
It is well known that, in e + e − collision experiments, the cross section for the two-photon processes e + e − → e + e − + hadrons illustrated in Fig.1 dominates at high energies over other processes such as the one-photon annihilation process e + e − → γ * → hadrons. The twophoton processes are observed in the double-tag events where both the outgoing e + and e − are detected. Especially, the case in which one of the virtual photon is far off-shell (large
, while the other is close to the mass-shell (small P 2 = −p 2 ), can be viewed as a deep-inelastic scattering where the target is a photon rather than a nucleon [1] . In this deep-inelastic scattering off photon targets, we can study the photon structure functions, which are the analogues of the nucleon structure functions.
A unique and interesting feature of the photon structure functions is that, in contrast with the nucleon case, the target mass squared P 2 is not fixed but can take various values and that the structure functions show different behaviours depending on the values of P 2 .
In the case of a real photon target (P 2 = 0), unpolarised (spin-averaged) photon structure functions F γ 2 (x, Q 2 ) and F γ L (x, Q 2 ) were studied first in the parton model [2] , and then investigated in perturbative QCD (pQCD). In the framework based on the operator product expansion (OPE) [3] supplemented by the renormalisation (RG) group method, Witten [4] obtained the leading order (LO) QCD contributions to F γ 2 and F γ L and, shortly after, the next-to-leading order (NLO) QCD contributions were calculated by Bardeen and Buras [5] .
The same results were rederived by the QCD improved parton model powered by the parton 2 evolution equations [6, 7] . Recently, some of the parameters which are necessary to evaluate the next-to-next-to-leading order (NNLO) corrections to F γ 2 were calculated and also the NNLO solution of the evolution equations for the real photon case was dealt with [8] . When polarised beams are used in e + e − collision experiments, we can get information on the spin structure of the photon. The QCD analysis of the polarised photon structure function g γ 1 (x, Q 2 ) for the real photon target was performed in the LO [9] and in the NLO [10, 11] .
For more information on the recent theoretical and experimental investigation of unpolarised and polarised photon structure, see the review articles [12] .
For a virtual photon target (P 2 = 0), we obtain the virtual photon structure functions F γ 2 (x, Q 2 , P 2 ) and F γ L (x, Q 2 , P 2 ). They were studied in the LO [13] and in the NLO [14] by pQCD. In fact, these structure functions were analysed in the kinematical region,
where Λ is the QCD scale parameter. The advantage of studying a virtual photon target in this kinematical region (1.1) is that we can calculate the whole structure function, its shape and magnitude, by the perturbative method. This is contrasted with the case of the real photon target where in the NLO and beyond there appear nonperturbative pieces. The virtual photon structure functions F γ 2 and F γ L were also studied by the QCD improved parton model [15] [16] [17] [18] . In the same kinematical region (1.1), the polarised virtual photon structure function g γ 1 (x, Q 2 , P 2 ) was investigated up to the NLO in pQCD [19] , and its target mass effects were studied [20] . Moreover, the first moment of g γ 1 (x, Q 2 , P 2 ) was calculated up to the NNLO [21] .
Recently the three-loop calculations were made for the anomalous dimensions of both quark and gluon operators [22, 23] and also for the photon-quark and photon-gluon splitting functions [24] . Using these results, we analysed the virtual photon structure functions
in the kinematical region (1.1) in QCD. We could give definite predictions for F γ 2 (x, Q 2 , P 2 ) up to the NNLO and for F γ L (x, Q 2 , P 2 ) up to the NLO [25] , and also for the target mass effects on these functions [26] .
In parton picture, structure functions are expressed as convolutions of coefficient functions and parton distributions in the target. And these parton distributions will be used for predicting the behaviours of other processes. When the target is a virtual photon with P 2 being in the kinematical region (1.1), then a definite prediction can be made for its parton distributions in pQCD. However, it is well known that parton distributions are dependent on the scheme which is employed to factorise structure functions into coefficient functions and parton distributions. It is possible that parton distributions obtained in one factorisation scheme may be more appropriate to use than those acquired in other schemes. Indeed, for the case of the polarised virtual photon target, the NLO QCD analysis was made for its parton distributions in several factorisation schemes and their scheme dependence was closely studied [27] .
In this paper we perform the QCD analysis of the parton distributions in the unpolarised virtual photon target up to the NNLO 1 . We investigate the distributions of the flavour singlet and nonsinglet quarks and gluons in two factorisation schemes, namely MS and DIS γ schemes 2 . Using the framework of the QCD improved parton model, we give, in the next section, the explicit expressions for the moments of the flavour singlet (nonsinglet) quark and gluon distributions up to the NNLO. In Sec.III, we show first that the parton distributions obtained up to the NNLO are independent of the renormalisation-prescription which is chosen in defining the QCD coupling constant α s . And then we explain the two factorisation schemes, MS and DIS γ schemes, which we consider in this paper. The behaviours of the parton distributions near x = 1 and their factorisation-scheme dependence are discussed in Sec.IV. The numerical analysis of the parton distributions predicted by MS and DIS γ schemes will be given in Sec.V. The final section is devoted to the conclusion.
II. PARTON DISTRIBUTIONS IN THE VIRTUAL PHOTON
In this section the parton distributions in the virtual photon are analysed in the framework of the QCD improved parton model [29] with the DGLAP parton evolution equations.
be quark with i-flavour, gluon, and photon distribution functions with ± helicities in the virtual photon with mass −P 2 . Then the 1 This work is a sister version of Ref. [27] . 2 Part of the results in this paper was reported at the 8th International Symposium on Radiative Corrections (RADCOR) [28] .
4 spin-averaged parton distributions in the virtual photon are defined as
In the leading order of the electromagnetic coupling constant, α = e 2 /4π, Γ γ does not evolve with Q 2 and is set to be
Instead of using the quark distributions q i , it is advantageous to treat the flavour singlet and nonsinglet combinations defined as follows:
where n f is the number of relevant active quark (i.e., the massless quark) flavours and e i is the electromagnetic charge of the active quark with flavour i in the unit of proton charge.
Now introducing a row vector
the parton distributions q γ (x, Q 2 , P 2 ) in the virtual photon satisfy an inhomogeneous evolution equation [6] [7] [8] 6) where the elements of a row vector k = (k S , k G , k N S ) refer to the splitting functions of γ to the singlet quark combination, to gluon and to nonsinglet quark combination, respectively.
where P AB is a splitting function of B-parton to A-parton.
There are two methods to obtain the parton distribution q γ (x, Q 2 , P 2 ) up to the NNLO.
In one method, we use the parton splitting functions up to the three-loop level and we solve numerically q γ (x, Q 2 , P 2 ) in Eq.(2.6) by iteration, starting from the initial quark and gluon distributions of the virtual photon at Q 2 = P 2 . The interesting point of studying the virtual photon with mass −P 2 is that when P 2 ≫ Λ 2 , the initial parton distributions of the photon are completely known up to the two-loop level in QCD. The other method, which is more common than the former, is by making use of the inverse Mellin transformation. From now on we follow the latter method. First we take the Mellin moments of Eq.(2.6),
where we have defined the moments of an arbitrary function f (x) as
Henceforce we omit the obvious n-dependence for simplicity. Expansions are made for the splitting functions k(Q 2 ) and P (Q 2 ) in powers of the QCD and QED coupling constants as follows:
and a new variable t is introduced as the evolution variable instead of Q 2 [30] ,
The solution q γ (t)(= q γ (n, Q 2 , P 2 )) of Eq.(2.8) is decomposed in the following form: 13) where the first, second and third terms represent the solution in the LO, NLO and NNLO, respectively. Then they satisfy the following three differential equations:
14)
where
where we have used the fact the QCD effective coupling constant α s (Q 2 ) satisfies
n f and β 1 and β 2 were known [31, 32] . Note that the P 2 dependence of q γ solely comes from the initial condition (or boundary condition) as we will see below.
The initial conditions for q γ(0) , q γ(1) and q γ(2) are obtained as follows: For −p 2 = P 2 ≫ Λ 2 , the photon matrix elements of the hadronic operators O i n (i = S (or ψ), G, NS) can be calculated perturbatively. Renormalising at µ 2 = P 2 , we obtain at two-loop level
The A i(1) n and A i(2) n terms represent the operator mixing between the hadronic operators and photon operators in the NLO and NNLO, respectively, and the operator mixing implies that there exist parton distributions in the photon. Thus we have, at µ 2 = P 2 (or at t = 0),
Actually, the initial quark distributions emerge in the NLO (the order α) and gluon distribution in the NNLO (the order αα s ). The expressions of A
n and A (2) n in MS scheme are enumerated in Appendix A 1.
With these initial conditions, the solutions q γ(0) (t), q γ(1) (t) and q γ(2) (t) are given by
For the case of the real photon target, the NLO solution q γ(1) (t) was given in [7] (see also [33] ) and the NNLO solution q γ(2) (t) in [8] .
The moments of the splitting functions are related to the anomalous dimensions of operators as follows [25] :
n ,
The evaluation of q γ(0) (t), q γ(1) (t) and q γ(2) (t) in Eqs. n . Then, rewriting α s (0) and α s (t) as α s (P 2 ) and α s (Q 2 ), respectively, we obtain . The information on the parameters is given in Appendix A. See also Ref. [25] .
Finally, since q γ (t) = q γ(0) (t) + q γ(1) (t) + q γ(2) (t), and from (2.5), the moments of the flavour-singlet quark, gluon and flavour-nonsinglet quark distributions in the virtual photon are given, respectively, by
For n = 2, one of the eigenvalues, λ n=2 − , in Eq.(2.30) vanishes and we have d n=2 − = 0. This is due to the fact that the corresponding operator is the hadronic energy-momentum tensor and is, therefore, conserved with a null anomalous dimension [5] . The second moments of the singlet quark and gluon distributions, q γ S (n = 2, Q 2 , P 2 ) and G γ (n = 2, Q 2 , P 2 ), have terms which are proportional to
and thus diverge. However, we see from (2.33) and (2.34) that these terms are multiplied by a factor 1
which vanishes. In the end, the second moments q γ S (n = 2, Q 2 , P 2 ) and G γ (n = 2, Q 2 , P 2 ) remain finite [14] .
III. RENORMALISATION SCHEME DEPENDENCE
The structure functions of the photon (nucleon) are expressed as convolutions of coefficient functions and parton distributions of the target photon (nucleon). But it is well known that these coefficient functions and parton distributions are by themselves renormalisationscheme dependent. There are two kinds of renormalisation-scheme dependence: (i) One is the dependence on the renormalisation-prescription (RP) chosen in defining the QCD cou-
The other is the so-called factorisation-scheme (FS) dependence. The coefficient functions and parton distributions (equivalently, the anomalous dimensions and photon matrix elements of operators) are dependent on the FS adopted for defining these quantities. Of course, the physically measurable quantities such as structure functions are independent of the choice of the RP for α s and also of the choice of the FS.
In this section we will show first that the parton distributions of the virtual photon up to the NNLO, which were obtained in Eqs.(2.32)-(2.34), are independent of the RP chosen to define α s . Then we consider the parton distributions in the virtual photon target in the two factorisation schemes, MS and DIS γ schemes.
A. Independence of the renormalisation prescription for α s
We show that the parton distributions of the virtual photon up to the NNLO are independent of the choice of the RS in defining the QCD coupling constant α s . The beta function β(g) is expanded in powers of g 2 up to the three-loop level as
Then the QCD running coupling constant α s (Q 2 ) is expressed as [34] ,
where L = ln(Q 2 /Λ 2 ). It is known that the first two coefficients β 0 and β 1 in (3.1) are renormalisation prescription independent but the coefficient β 2 is not [35] .
Suppose that β 2 is obtained in one scheme, for example, in the momentum-space subtraction (MOM) scheme [36] , and let δβ 2 be a difference between β 2 | one scheme and the one calculated in the modified minimal subtraction (MS) scheme [37] ,
Then we find from (3.2) that the change in the renormalisation prescription for α s (in other words, the change δβ 2 ) has an effect on the running coupling constant α s (Q 2 ) as 
Thus we get
Let us write the difference of the parton distributions in the photon between one scheme chosen to define α s and MS scheme as
where i = 0, 1, 2 denote the LO, NLO and NNLO expressions, respectively. Now we find the difference in the LO expression q γ(0) (t) given in (2.32) is
where we have used the following formulae:
On the other hand, we see that β 2 and γ
n do not appear in the NLO expression q γ(1) (t)
given in (2.33). Also we already know the effect of the change in β 2 on the order α Finally, we notice that β 2 and γ (2) n appear in the NNLO expression of q γ(2) (t) given in (2.34).
Therefore, we get
Now Eq.(3.6) and the properties of the projection operators in (2.31) give
and we obtain
, (3.14)
which exactly cancels the change δq γ(0) (t) given in (3.8). Thus we find
The parton distributions in the photon up to the NNLO are, indeed, independent of the renormalisation-prescription adopted to define the QCD coupling constant α s .
B. Factorisation schemes
The structure functions are expressed as convolutions of parton distributions and coefficient functions. The Mellin moments of the virtual photon structure function
is expressed as
where q γ (n, Q 2 , P 2 ) is a four-component row vector
with Γ γ n = 1, the moment of the photon distribution function (see Eq.(2.2)), being added to the row vector q γ of (2.5), and C 2 (n, Q 2 ) is a four component column vector
where the hadronic coefficient functions
2 ) are made up of the flavoursinglet quark, gluon and nonsinglet quark, and C Given the formula (3.16), we can always redefine q γ and C 2 as follows: 20) where q(n, Q 2 , P 2 )| a and C 2 (n, Q 2 )| a correspond to the quantities in a new factorisation scheme-a. It is noted that coefficient functions and anomalous dimensions are closely connected under factorisation. In the following we will study the parton distributions in the virtual photon target up to the NNLO in two factorisation schemes, namely, MS and DIS γ schemes.
The MS scheme
This is the only scheme in which the relevant quantities, namely, the β function parameters up to three-loop level [32] , anomalous dimensions up to three-loop level [22] [23] [24] and photon matrix elements up to two-loop level [38] , were actually calculated. We insert them into the formulae given by Eqs.(2.32)-(2.34) and obtain the moments of the parton distributions predicted by MS scheme.
There is another way, a simpler one indeed, to obtain q γ (n, Q 2 , P 2 )| MS up to the NNLO, once we know the expression for the moment sum rule of F γ 2 (x, Q 2 , P 2 ) obtained up to the NNLO and all the quantities in the expression are the ones calculated in MS scheme. We will show it in Appendix B.
The DIS γ scheme
An interesting factorisation scheme, which is called DIS γ , was introduced some time ago into the NLO analysis of the unpolarised real photon structure function F γ 2 (x, Q 2 ). Glück, Reya and Vogt [39] observed that, in MS scheme, the ln(1−x) term in the one-loop photonic
, which becomes negative and divergent for x → 1, drives the 'pointlike' part of F γ 2 to large negative values as x → 1, leading to a strong difference between the LO and the NLO results for F γ 2,pointlike in the large-x region. They introduced the DIS γ scheme in which the photonic coefficient function C γ 2 , i.e., the direct-photon contribution to F γ 2 , is absorbed into the photonic quark distributions. A similar situation occurs in the polarised case, and the DIS γ scheme was applied to the NLO analysis for the spin-dependent structure function g γ 1 (x, Q 2 ) of the real photon target [10] .
The transformation rule from MS scheme to DIS γ scheme was derived up to the NNLO in Ref. [8] . The moments of the parton distributions in DIS γ scheme are obtained as follows.
In this scheme, the hadronic coefficient functions are the same as their counterparts in MS scheme, but the photonic coefficient function is absorbed into the quark distributions and thus set to zero,
On the other hand, F γ 2 (n, Q 2 , P 2 ) is expressed in MS scheme as
The expansion is made for q γ (n, Q 2 , P 2 )| DISγ in terms of the LO, NLO and NNLO distributions as
where the LO q γ(0) n is FS-independent. Denoting the difference of q γ(l) n | DIS γ (l = 1, 2) from MS scheme predictions as δq
Also the hadronic and photonic coefficient functions,
expanded in powers of α s (Q 2 ) up to the NNLO as 27) where e 4 = i e 4 i /n f and C
2,n is FS-independent. Now putting (3.24)-(3.26) into the r.h.s. of (3.22) and comparing the result with (3.23) and (3.27), the following relations are obtained,
The LO C
2,n and the NLO C
2,n | MS are written as (1) n | DISγ at the NLO are given by
while we cannot tell anything about δG
2,n = 0 . Actually the DIS γ scheme was introduced from the very first so that in this scheme the photonic coefficient function C γ 2 , i.e., the direct-photon contribution to F γ 2 , may be absorbed into the quark distributions but not into gluon distribution. Thus we set δG γ n | DISγ = 0 in all orders. In other words, we have
At the NNLO, one obtains from Eqs.(3.29)-(3.34)
These expressions for δq γ (2) S, n | DIS γ and δq
N S, n | DIS γ were first derived in Ref. [8] . (See (4.19) of Ref. [8] ). The parameters c q (1) 2,n | MS and c γ (1) 2,n | MS are given in Ref. [5] and c γ (2) 2,n | MS in Ref. [8] . They are also enumerated in Sec.III of Ref. [25] . With the knowledge of δq γ(l) S, n | DISγ and δq Again there is another way to get q γ (n, Q 2 , P 2 )| DISγ up to the NNLO, once we know the expression for the moment sum rule of F γ 2 (x, Q 2 , P 2 ) up to the NNLO and all the quantities in the expression are the ones calculated in MS scheme. It will be shown in Appendix B.
IV. BEHAVIOURS OF PARTON DISTRIBUTIONS NEAR
The behaviours of parton distributions near x = 1 are governed by the large-n limit of those moments. In the leading order, parton distributions are factorisation-scheme independent. For large n, the moments of the flavour singlet and nonsinglet LO quark distributions,
S, n and q γ(0) N S, n , both behave as 1/(n ln n), while the LO gluon distribution G γ(0) n behaves as 1/(n ln n) 2 . Thus, in x space, the LO parton distributions in the virtual photon vanish for x → 1 as
3n f e 2 3 4
3n f e 2 1 6
The behaviours of q γ N S (x, Q 2 , P 2 ) for x → 1, both in LO, NLO and NNLO are found to be always given by the corresponding expressions for q γ S (x, Q 2 , P 2 ) with replacement of the charge factor e 2 with ( e 4 − e 2 2 ).
In MS scheme, the moments of the NLO parton distributions are written in large-n limit
The leading contribution to q γ(1) S,n | MS for large n comes from the (1,1) component of the term (K (1) ln n. Then, in x space, we have near x = 1
The NLO quark distributions, both q
On the other hand, in DIS γ scheme, the moments of the NLO flavour-singlet quark distribution q γ(1) S, n | DISγ is expressed in large-n limit as (see Eq.(3.25)), 
The NLO distribution in DIS γ scheme, q
This is due to the fact that the NLO photonic coefficient function c 2,n ), which in MS becomes negative and divergent for x → 1, is absorbed into the quark distributions in DIS γ scheme [39] .
The moments of the NNLO parton distributions in MS scheme behave for large n as
3n f e 2 8 9
3n f e 2 17 9 (ln n) 2 , respectively, and thus we see from Eq.(3.36),
for large n. So we find in DIS γ scheme,
In x space, therefore, the NNLO parton distributions near x = 1 are
3n f e 2 17 9 −lnx ln 2 (1 − x) . 2,n | MS ). Then, the first thought is that absorbing these photonic coefficient functions into the quark distributions would make the DIS γ quark distributions behave milder than those in MS scheme or negatively diverge as x → 1. The NLO quark distributions in DIS γ scheme work fine but not the NNLO quark distributions. This is due to the contribution of the second term (−c units of (3n f e 2 α/π)ln(Q 2 /P 2 ): (a) the singlet quark distribution xq
2 , and the QCD scale parameter Λ = 0.2GeV. We see that both the (LO+NLO) and (LO+NLO+NNLO) curves show the similar behaviours in almost the whole x region, which means that the NNLO contribution is small. The behaviours of these two curves, however, are quite different from the LO curve. They lie below the LO curve for 0.2 < x < 0.8, but diverge as x → 1. Compared with the quark distribution, the gluon distribution xG γ | MS is very small in absolute value except in the small-x region. Concerning the nonsinglet quark distribution xq N S (x, Q 2 , P 2 )| MS , we find that when we take into account the charge factors, such as e 2 = i e 2 i /n f and e 4 = i e 4 i /n f , it falls on the singlet quark distribution in almost the whole x region; namely the two "normalised" distributions x q The parton distributions in DIS γ scheme were analysed up to the NNLO. In Fig.3(a) we plot the singlet quark distribution xq
Again we chose n f = 4, Q 2 = 100GeV 2 , P 2 = 3GeV 2 , and Λ = 0.2GeV. The three curves (LO, LO+NLO, LO+NLO+NNLO) rather overlap below x = 0.6. Absorbing the photonic coefficient function C γ 2 into the quark distributions in DIS γ scheme has an effect on their large-x behaviours: Unlike the MS scheme, the (LO+NLO) curve goes under the LO curve at x ≈ 0.6 and the difference between the two grows as x → 1. Adding the NNLO contribution makes the difference bigger at large x except near x = 1. At very close to x = 1 the (LO+NLO+NNLO) curve shows a sudden surge. In order to see the details, we plot in Fig.3(b) , the NLO and NNLO contributions in DIS γ scheme. We observe that the NLO contribution is large and negative for x > 0.8, while the NNLO contribution remains to be very small until very close to x = 1 and then blows up. The behaviours near x = 1 of
S (x, Q 2 , P 2 )| DISγ were discussed in Sec.IV.
Finally, the gluon distribution xG γ (x, Q 2 , P 2 )| DIS γ is the same as xG γ (x, Q 2 , P 2 )| MS .
VI. CONCLUSIONS
We have analysed the parton distributions in the virtual photon target which are predicted entirely up to the NNLO in perturbative QCD. Parton distributions are dependent on the scheme which is employed to factorise structure functions into parton distributions and coefficient functions. The virtual photon target serves as a good testing ground for examining the behaviours of the parton distributions and their factorisation-scheme dependences. We have studied the quark and gluon distributions in two factorisation schemes, namely, MS and DIS γ schemes.
We see from Figs (n) are given, respectively, in Eqs.(B2), (B4) and (B3) of Ref. [25] .
APPENDIX B: ANOTHER WAY TO FIND PARTON DISTRIBUTIONS IN MS
AND DIS γ SCHEME
Once we know the expression for the moment sum rule of F γ 2 (x, Q 2 , P 2 ) obtained up to the NNLO corrections [25] and all the quantities in the expression are the ones calculated in MS scheme, then there is an easy way to find the parton distributions in the virtual photon in both MS and DIS γ schemes up to the NNLO. In the following the equation numbers correspond to those in Ref. [25] . (ii) Parton distributions up to the NNLO in DIS γ scheme
For the gluon distribution, we have G γ (n, Q 2 , P 2 )| DIS γ = G γ (n, Q 2 , P 2 )| MS .
• q γ N S (n, Q 2 , P 2 )| DIS γ is obtained as follows: 
2,n = (0, 0, 1) T , C 
2,n = (1, 0, 0) T , C
2,n = 0, C 
